We perform the Kaluza-Klein reduction of M-theory on warped Calabi-Yau fourfolds with non-trivial four-form flux turned on. The resulting scalar-and superpotential is computed and compared with the superpotential obtained by Gukov, Vafa and Witten using different methods.
String vacua with 4 unbroken supercharges are of particular interest due to their possible phenomenological properties. In four space-time dimensions such vacua have traditionally been constructed as compactifications of the heterotic string on CalabiYau threefolds Y 3 or conformal field theoretic generalizations thereof. More recently other classes of vacua with four supercharges have been considered such as F-theory compactified on elliptically fibered Calabi-Yau fourfolds Y 4 [1] .
In this paper we study M-theory compactified on Y 4 whose low energy effective theory has three space-time dimensions and also four unbroken supercharges. Aspects of such compactifications have been considered in refs. [2] [3] [4] [5] [6] [7] [8] [9] and in an appropriate limit they are related to F-theory on Y 4 [1] . In a previous paper [7] we derived the low energy effective Lagrangian in the large volume limit for the class of fourfolds with vanishing Euler number χ = 0. In particular this constraint implied that the metric is a direct product M 3 × Y 4 and no background flux had to be turned on. In this paper we generalize the previous analysis to the case χ = 0 which requires either space-time filling membranes or a nontrivial four-form flux F 4 on Y 4 and a warped space-time metric [2] . We show that a nontrivial F 4 introduces Chern-Simons terms and a potential which in turn can be derived from two superpotentials. The presence of the Chern-Simons terms has first been noticed in ref. [4] while the superpotentials have been proposed in [9] . We find basic agreement with ref. [9] except that one of our superpotentials is the real version of the corresponding superpotential given in [9] . 4 Similar superpotentials arise in the compactification of type IIA on Y 4 [11] and their properties have been studied in refs. [9, [11] [12] [13] .
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Let us first briefly recall the compactification of M-theory on a fourfold Y 4 with χ(Y 4 ) = 0. For this situation the low energy effective Lagrangian in the large volume limit has been derived in ref. [7] . The starting point is the eleven-dimensional supergravity which only contains a metric and a three-form A 3 (with field strength F 4 = dA 3 ) as massless bosonic components. The 11-dimensional supergravity action is given by [15] S = 1 2κ 2 11
When compactified on a Calabi-Yau fourfold additional scalar and vector fields appear in the resulting three-dimensional effective action. 
4 There is another way to generate a superpotential in three dimensions by wrapping 5-branes over certain 6-cycles of Y 4 [3] . This can however not occur if there is a non-vanishing four-form flux localized on a four-dimensional submanifold of the 6-cycle [10] . Such contributions are not consider here. 5 An expanded version of our paper can be found in [14] .
G αβ is the Kähler metric on the space of (3, 1)-forms given by [16] 
where Ω is the unique holomorphic (4, 0)-form on Y 4 ,Ω its complex conjugate and Φ α a basis of H 3,1 (Y 4 ). G AB is the metric on the space of (1, 1)-forms defined as [17] 
where V is the volume of 
In this basis the Lagrangian (2) reads [7] 
where the metric G K AB is Kähler and given by
Now we come to the main objective of the paper, that is generalize the previous analysis to the case where χ = 0. In the absence of space-time filling membranes an A 3 -tadpole can only be avoided in the D = 3 theory if a non-trivial four-form flux F 4 along the internal Calabi-Yau fourfold is turned on [2, 18, 19] . This arises due to the presence of the higher order term (in κ 11 ) [20] 
where
) −1/3 and
Combining eqs. (1), (9), (10) results in absence of space-time filling membranes in the consistency condition [2, 18, 19] 1 4κ
which requires a non-vanishing (internal) F 4 if χ = 0. Furthermore, supersymmetry can only be maintained if the metric is not a direct product M 3 × Y 4 but instead includes a warp factor ∆ [2, 21, 22] 
where to leading order in κ 11 g mn is a Ricci-flat Calabi-Yau metric. The warp factor ∆ obeys [2] 
where the Laplace operator and the Hodge ⋆-operator are defined with respect to the metric g mn . 6 Thus for compactifications with χ = 0 higher order terms have to be taken into account and they in turn warp the three-dimensional space-time metric.
The Kaluza-Klein reduction is a good approximation if the size of the internal Y 4 manifold is large compared to the 11-dimensional Planck length l In this paper we focus on the three-dimensional effective theory with at most two derivatives and compute some of the corrections to the Lagrangian (2) which result from higher order terms. Specifically we compute the Chern-Simons term and the potential to order O(κ −2/3 11 ) while the corrections to the kinetic terms of (2) are not calculated. With this restriction the only other 11-dimensional term we need to consider is
where b
13 and
The tensor t is defined by t
2 for antisymmetric tensors A. 9 Note that E 8 given in (15) is not the eight-dimensional Euler density but an 11-dimensional generalization of it. More generally one can define [23] 
where D denotes the real dimension of the manifold. Then
The next step is to reduce the action S + δS 1 + δS 2 consisting of the terms given in (1), (9) and (14) . Following ref. [2] we suppose that the only non-vanishing components of F 4 are F mnpq and F µνρm where the latter are related via supersymmetry to the warp factor via
∆ . In the reduction of the 11-dimensional Einstein-Hilbert term one obtains the three-dimensional Einstein-Hilbert term R (3) and an additional term proportional to Y 4 ∆∇ m ∂ m ∆ which is of higher order. 10 Furthermore, the integral
J 0 vanishes for Ricci-flat Kähler manifolds [25, 26] . 11 Again, at leading order we can assume the metric to be Ricci flat and neglect the effect of the warp factor in J 0 as a higher order contribution. To evaluate the leading order contribution to E 8 we use the fact that on a product space
The details of the Kaluza-Klein reduction procedure can be found in [7, 14] while here we only give a few intermediate steps. First of all one obtains a non-canonical Einstein term in the three-dimensional effective action
and
ĝ (8) denotes a warped Calabi-Yau volume, whereĝ (8) is the internal part of the warped metric (12) . With the help of a Weyl rescaling g µν → Λ 2 g µν the Einstein term can be put into canonical form. At leading order Λ can be replaced by V and one obtains the Weyl rescaled low energy effective Lagrangian (we set κ 11 = 1 henceforth)
where L
0 is given in (2) and one has
For χ = 0 both V and the Chern-Simons terms were absent.
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In order to display the relationship of the potential with the two superpotentials of [9] we need to further rewrite V . By definition we have
10 The absence of possible other terms in the presence of a 4-form flux is carefully discussed in ref. [14] . 11 J 0 is the sum of an internal and an external part. Since J 0 can be expressed through the Weyl-tensor only [27, 28] the external part vanishes because the Weyl tensor vanishes identically in D = 3.
12 As we said before L
0 is also corrected at this order but we did not compute those correction. 13 The fact that the E 8 -term contributes to the potential in D = 3 was first noticed in [29] .
where to leading order ⋆F 4 is the Hodge dual of F 4 with respect to the metric g mn . F 4 can be expanded as the sum F 4 = F 4,0 + F 3,1 + F 2,2 + F 1,3 + F 0,4 . In order to proceed let us recall that on Y 4 a primitive (p, q)-form ω (0) p,q can be defined by
where J n is the nth wedge product of the Kähler form. The Hodge dual of a primitive four-form is given by [9] ⋆ ω (0)
On Y 4 all components of F 4 except F (2, 2) are primitive in that they satisfy (22) and as a consequence their Hodge duals are simply given by
For F (2,2) one uses the Lefschetz decomposition which asserts [31]
and computes explicitly [14]
Combining eqs. (24)- (26) one arrives at
and hence
where we have used J ∧ F
2,2 = 0 and J 3 ∧ F
1,1 = 0 in accord with (22) . The second term in (28) can be further rewritten by using [16] 
where Φ α is the basis of H 3,1 and K 3,1 is the Kähler potential for the (3, 1) moduli defined in eq. (3). With the help of (29) and (3) one derives
is precisely the chiral superpotential of [9] .
Finally, with the help of (4) also the last term in (28) can be expressed in terms of the superpotential (20) . Expanding F (0) 1,1 into the basis e A and using
∂ A ∂ B V and indices are raised with δ AB , one finds
Inserting (30), (33) into (28) and using (21) one arrives at
Inserting (34) into (20) and taking into account the tadpole cancellation condition (11) results in
Finally, V and L (3) can be written in a more canonical form by transforming to new coordinatesM
From eqs. (4), (5) and (36) we learn
where the derivatives ∂ A are now with respect toM A . If we furthermore introducê
and insert (38) and (39) into (19) using (2) we arrive at
where the explicit dependence onV has disappeared from the Lagrangian. The potential in the new variables is given by
where the derivatives ∂ AŴ are again taken with respect to the new variablesM A .
We see that the potential is entirely expressed in terms of two superpotentials W andŴ . The W given in (31) is precisely the chiral superpotential of [9] whileŴ given in (39) is the real version of the superpotential of [9] . This is related to the fact that the presence of the Chern-Simons terms no longer allows a duality transformation from vector to chiral multiplets. As a consequenceŴ can not be complexified as there are only real scalarsM A in the vector multiplets. However, upon further S 1 reductionŴ should become complex and coincide with the D = 2 superpotential of [9, 11] .
14 Finally, let us compare the potential (41) with the potentials of D = 3, N = 2 supergravity. Unfortunately, the relevant potential for chiral and vector multiplets with Chern-Simons terms coupled to D = 3, N = 2 supergravity is not available in the literature. The full derivation of this potential is beyond the scope of this paper and will be presented elsewhere. Here we just derive part of it by an S 1 compactification of a corresponding D = 4 supergravity.
The four-dimensional theory we need to consider has to contain both chiral and linear multiplets. A D = 4 linear multiplet consists of an antisymmetric tensor and a real scalar L as bosonic components. The D = 4 Lagrangian is determined by two functions, the holomorphic superpotential W (φ α ) and the real function
, where φ α denote the scalars of the chiral multiplets. K φ is the Kähler potential of the chiral fields and the second derivative of K L determines the σ-model metric of LÃ [32, 33] . 15 In this theory the scalar potential is given by
This form of the potential can be derived for example from the D = 4 duality between an antisymmetric tensor and a scalar. At the level of superfields this results in the duality between a linear multiplet L and a chiral multiplet S with S +S ∼ L −1 . The Kähler potential of S is given by K = − ln(S +S) and the superpotential continues to be a function of only the φ α . In this dual description with only chiral multiplets V (4) takes the standard form
where the index I now runs over all chiral multiplets (φ α , SÃ).
Reducing the theory on a circle leaves the chiral multiplets unaltered. The linear multiplets, however, become vector multiplets and an additional vector multiplet containing the radius r and the Kaluza-Klein vector of the circle as its bosonic components appears in the spectrum. Let us define L 0 = r −2 . A straightforward S 1 -reduction shows that after an appropriate Weyl rescaling the D = 3 potential is given by
where The second term in (41) is precisely the D-term of a D = 3, N = 2 Chern-Simons theory coupled to supergravity. As was noted in ref. [34] supersymmetrization of the Chern-Simons terms requires a D-term potential which coincides with the second term in 14 To show this directly would require a generalization of the arguments given in [30] . The reduction of the Chern-Simons terms leads to terms ∼ θ A F A 01 and the θ-angles contribute to the potential in D = 2. 15 We have chosen a theory where K (4) is the sum of two terms since this matches the situation we have in D = 3. 16 We thank R. Grimm for discussions on this point.
(41). The last term of (41) should arise when not only a pure Chern-Simons theory but a more general gauge theory including the standard kinetic term and the Chern-Simons term is coupled to N = 2 supergravity.
Curiously, the potential forŴ as displayed in (41) is the D = 3 version of a general formula for the scalar potential in arbitrary dimension D. The requirement of the stability of AdS backgrounds leads to [35] 
which for D = 3 indeed gives
Finally, let us discuss the conditions for unbroken supersymmetry. From our derivation of the D = 3 potential it is clear that for the chiral multiplets unbroken supersymmetry requires D α W = 0 which in turn imposes constraints on the allowed 4-form flux F 4 . Using (31) D α W = 0 = DβW implies F 3,1 = F 1,3 = 0. Furthermore, from our derivation of the potential one would expect that for the vector multiplets the conditions of unbroken supersymmetry are
while the vacuum energy is determined byŴ 2 only. The first condition is the precise analog of the four-dimensional situation when the superpotential does not depend on a chiral scalar, in which case D S W = (∂ S K)W holds and supersymmetry also forces To summarize, supersymmetry constrains the 4-form flux to be a primitive (2, 2)-form F 4 = F (0) 2,2 . This result has first been derived in [2] and has led to the proposal of the two superpotentials (31) and (a complex version of) (39) in ref. [9] . By performing a KaluzaKlein reduction on a Calabi-Yau fourfold with 4-form flux turned on we have verified that to order O(κ −2/3 11 ) the potential can be expressed in terms of the superpotentials (31), (39) and reproduced the conditions for a supersymmetric ground state.
